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1. Introduction 

Low-energy limit of N coincident M2-branes on the orbifold C^/Zfc is captured by the 

3d = 6 superconformal Chern-Simons-matter (ABJM) theory with the gauge group 
U{N)k X U{N)_k [1] (see also [2]). We can take a large iV limit of the ABJM theory 
by using t'Hooft coupling A = N/k and this theory still provides fruitful developments in 
AdSi/CFT^ correspondence. Meanwhile the BLG theory [3, 4] based on the Lie 3-algebra 
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[X"',X^,X'^] = f°-^'^^X'^ can also lead us to an another description of multiple M2-branes. 
If we take the structure constant /"'"^^ to be totally anti-symmetric, then the BLG theory 
generically has manifest M = 8 supersymmetry and SO{8)r R-symmetry. In spite of such 
successful structures, it is known that the only nontrivial solution for a generalized Jacobi 
identity is the A4 algebra defined by /'^'"^'^ = g^^'cd gj ^^^^ ^j^g resulting A4 BLG theory 
can be rewritten as the SU{2) x SU{2) ABJM theory [7]. Actually moduli space analysis 
of this theory [8, 9] implies that the interpretation as two indistinguishable M2-branes on 
C^/Zfc can be possible only for k = 1 and k = 2. Therefore the role of the ^4 BLG theory 
with higher k has been somewhat unclear. 

In [10], an illuminating answer has been obtained by considering {SU{2)kXSU{2)^k)/^2 
rather than SU{2)k x SU{2)-k as the correct gauge group. The authors has concluded that 
there are several isomorphisms even in the quantum level between 



U{2)k X Ui2)_k ABJM and Zk quotient of iSU{2)k x SU{2)_k)/^2 BLG theory 



(1.1) 

where k is odd. For k = 2, isomorphism between 



U{2)2 X C/(2)_2 ABJM and SU{2)2 x SU{2)_2 BLG theory 

(1.2) 

has been also conjectured. As we will see in the next section, the additional identification 
in (1.1) is coming from the U(1)b baryon symmetry of {SU{2) x SU{2))/Z2 theory. More 
generally, they also proposed that the conjecture (1.1) can be extended to arbitrary rank 
N as 



U{N)k X U{N)_k ABJM and quotient of iSU{N)k x SU{N)_k)/^N theory 



(1.3) 



where k and N are coprime. 

The conjectures (1.1) for A; = 1 and (1.2) have been already tested by comparing the 

superconformal indices [11, 12, 13, 14] obtained by applying the localization method [15] 
(sec also [16]) and actually nontrivial coincidences have been observed [17]. Furthermore, 
it has been also found in [17] that the superconformal indices of 



U{S)2 X ?7(2)_2 ABJ theory and (5C/(2)4 x SU{2)^4)/^2 BLG theory 



(1.4) 



agree with each other. Thus, the nontrivial tests^ beyond the moduli space analysis have 
been already performed for the isomorphisms between the ABJ(M) theories with the non- 
trivial Af = 8 SUSY enhancements and the corresponding BLG theories^ . 

^In Appendix A, we provide a further evidence for the conjecture (1.2) by calculating the partition 

function on S^. 

^One might be curious about U{3)i x U{2)-i and 11(4)2 x [7(2)_2 ABJ theories. However it is widely 

believed that these theories are dual to the U{2)i x f7(2)_i and U{2)2 x U{2)-2 ABJ theories from parity 
duality, respectively [2]. For a proof by considering the partition functions on S"^, see [18, 19]. 
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In this paper, we test the conjecture (1.1) for the case without M = 8 SUSY enhance- 
ments by comparing their superconformal indices. We also check the conjecture (1.3) for 
N = 3 and investigate whether extensions of the isomorphisms (1.2) and (1.4) to higher 
k are possible or not. This paper is organized as follows. In Section 2, we review the 
argument of [10] about the isomorpliism (1.3). In Section 3, we briefly look at the charge 
quantization condition of the {SU{N)k x SU{N)-k)/'^N theories. In section 4, wc describe 
our calculation of the superconformal indices. In Section 5, we show our results for the 
indices and test the conjecture (1.3). In Section 6, we investigate a possibility where the 
isomorphisms (1.2) and (1.4) are extended to higher k. Section 7 is devoted to conclusions 
and discussions. 



2. Dual photon and moduli space of vacua 

In this section, we review arguments of [10] about the conjectured isomorphism (1.3). This 
can be deduced from integrating out the U{1) field or comparing the classical moduli spaces. 
The Lagrangian of the U{N)j^ x U{N)_k ABJM theory can be expressed [10] as 

^u{N)eu{N) = ^tT(N)(Ssu{N) + g^^^^'^-^/^^'^A, (2.1) 

where is the gauge field of the U{1)b baryon symmetry. 11^,^ is the field strength of the 
trivial U{1), which does not couple to all the fields in the SU{N)k x SU{N)_k theory. The 
second term is the so-called BF term, which is required to make the theory invariant under 
the J\f = 6 supersymmetry after gauging the U{1)b symmetry. Introducing the Lagrange 
multiplier a leads to 

^u{N)®u(N) = ^tT{N)esu(,N) + ^^'"'^^M^i^A + ^cre'^'^^M^i^A- (2.2) 



Integrating this by parts, we obtain 



^u{N}®u(N) - 'C™)®sn(iV) + -^^'"'^Bi^H^x - —e^'^^d^aH^x- (2.3) 
Then, the equation of motion for H^v is 



= \d^a. (2.4) 

Prom this equation, we find 

■^u(Ar)e«(Af)(-^'^;'0A,-B;i,i?^,yA) = 'CsM(Ar)©sM(Ar)(e^'^^'^>efe'^V''^)> (^ = lr-- A) (2.5) 

where the U{1)b gauge transformation B^j, B^ + d^O in the language of u is given by 

a^a + ke. (2.6) 

The last term of (2.2) implies that the periodicity of a is determined by the charge 
quantization condition of Hm,. Note that the charge quantization condition is different 
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from the usual Dirac quantization condition since U{N) is not just a product of U{1) and 
SU{N) but rather it is (^7(1) x SU{N))/Zn. Recah that H is a sum of a field strength of 
each C/(l) factor of U{N) x U{N) gauge group. Finally the condition is given by 

ldH = l \e^''%H,x e ^Z, (2.7) 

which leads the periodicity of a to 27r. Thus, we must impose the following identification 
on the fields 

- e^Z^, V'^ - e^V'^. (2.8) 

where we define and -0^ as Z"^ = ei'^ Z^ and = efe'^V'A, respectively. Prom this 
fact, the authors of [10] have concluded that the U{N)k x U{N)^k ABJM theory is also 
equivalent to a identification on the {SU{N)k x SU{N)^k)/'^N theory. As we will see 
later, this equivalence can hold if wc impose an additional constraint on N and k. 

Next wc consider the moduli space of the {SU{2)k x SU{2)-k)/'^2 theory with the 
identification and check the above result. Discussion for generalization to arbitrary rank 
N is essentially the same [10]. Setting the scalar potential to be zero, we can take Z^ up 
to gauge transformation as 

where and are complex numbers. These can be regarded as the center of mass coor- 
dinate and the relative coordinate of two M2-branes, respectively. For a later convenience, 
we take 

rt = \i4 + 4), 4 ='^{4 -4)- (2.10) 

Recall that the moduli space of SU{2) X SU(2) theory is shown to be the orbifold (C^ x 
C^)/D2k [8, 9]. Here -D„ is the dihedral group of order 2n, which is equivalent to the 
semi-direct product of Z„ and Z2 with Z2 acting on Z„ by inversion. Except for the 
modification (2.7) of the charge quantization condition and the identification (2.8), the 
same argument holds also in the present case. Thus, we can show that the moduli space 
of the {SU{2) X SU{2))/Z2 theory with the identification is given by 

Zf : zt^zt 
^ ' : Zi ^ e k Zi, Z2 ^ e * Z2, (2-11) 

where Z^^^^ is the Z^ identification (2.8) imposed to Zi, Z2 and Zg^"^™ is a permutation of 
two indistinguishable M2-branes. Note that the last one is slightly different from the one 
of the SU{2) X SU{2) theory given by 

^sui2).su(2) ,A^efzt 4'-e-fzi. (2.12) 
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The difference is comes from the modified charge quantization condition (2.7). As we 
mentioned above, 1^^'^^ and ^(_'^'^(^)^'^'^(^))/^2 ifje^^ifications generate the dihedral group 

The moduh space of U(2) x [/"(2) ABJM theory is 

(RVZfc) X (MVZfc) 

Z2 ' ^^-^^^ 

which is given by the following quotient 

S z^ ~ z^, 

z^r^e-^z^. (2.14) 

Here l}^^ and z[.^^ are the identifications of each M2-brane. We can easily show that 
(2.11) and (2.14) are equal with each other if and only if k is odd^. For arbitrary A^, similar 
discussion leads us to the conclusion that the U{N)k x U {N)_k ABJM theory is isomorphic 
to the Zfc quotient of the {SU{N)k x SU{N)-k)/ZN theory if N and k are coprime [10] . 

3. Magnetic charge and charge quantization condition 

Here we briefly look at the charge quantization condition of the {SU{N)k x SU{N)^k)/ZN 
theories. The full global symmetry of the ^/(Ai) x;7(A2) ABJ(M) theory is 50(6)7?, x ?7(1)t. 
Here U{1)t is the topological symmetry of the ABJ(M) theory whose conserved current is 
given by^ 

F and F are the field strengths of U{Ni) and U{N2) gauge fields, respectively. The 
operators carrying the U{1)t charge are called monopole operators [20, 21] and involve a 
non-zero magnetic flux in the diagonal U{1) gauge group. The monopole operators can be 
labeled by the GNO charges ni, ■ ■ ■ , uni and hi, - ■ ■ ,h]\f2 which are the monopole charges 
for the Cartan part of the gauge group U{Ni) x U{N2) [22]. The GNO charges label the 
magnetic flux on 5^ surrounding the insertion point of the operator and their summation 
corresponds to the U{1)t charge as 

N2 \ 

+ Y.^a]. (3.2) 

a=l / 

The equations of motion for the gauge fields set Tri*" — Tri*" = and therefore rii = 
Ylia^o,- Thus, the C/(l)r charge can be expressed as 

k 

Qt = ^T with r = ^ni = 5^fi„. (3.3) 

1=1 a=l 




If we parametrize k = 21 - 1, (Z^^^^ x i}.sui2)^sui2))/^,y ((Z^^^))-! x '2}.sui2)^sui2))/i,y 
il to Z^"*^' and Z^^-*, respectively. 
We use tlie same notation as in [17]. 
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Let us denote Wi [i = 1, • • • ,rank(G)) as the weight vector of the gauge group G in 
an irreducible representation and A(G) as the weight lattice. The quantization condition 
imposes exp (ie riiWi) = 1 and this implies that 

e njWj = 2'k'L (3-4) 

i 

for all w G A(G)^. Here we consider the 50(3) = SU (2)/Z2 and SU (2) as a simple example 
of dual groups ^. In this case, we have 

A(50(3)) = {0,±1,±2,±3,---}, 

A(SC/(2)) = {0,±i ±1,±|---}. (3.5) 
As a result, we find that the magnetic charges must satisfy 

erii = 2'K'L for 50(3), 

erii = AttZ for SU{2). (3.6) 

In the yl4 BLG theory, we have {SU{2) x SU{2))/'L2 gauge group, where the Z2 is 
embedded diagonally in the product of the centers of the two SU (2) factors. Note that this 
is indistinguishable from {SU{2)/Zf. Therefore, the GNO charges for iSU{2) x SU {2)) /Z2 
gauge group are allowed to be half the value of those of SU{2) x SU{2) gauge group. In 
our notation this implies that 

Hi = for {SU{2) X SU (2)) /Z2, 

ni = Z for SU{2) x SU{2). (3.7) 

A similar discussion can be applied to the {SU{3) x SU{3))/Z^ theories. In this case, we 
finally obtain 

Hi = \z for {SU{3) X SU{3))/Z3, 

ni = Z for SU{3) x SU{3). (3.8) 

As we will see in the next section, the super conformal index is given by summation over 
contributions from each GNO charge. Therefore we have to take account of the difference 
of the charge quantization conditions for calculating the index. 

4. The superconformal index 

In this section, we derive useful expressions for the superconformal indices of the U {Ni)k X 
U{N2)-k ABJ(M) and SUiN)^ x SU{N)_k theories including the BLG theory. The su- 
perconformal index is defined by 

I{x, z) = Tr \{-lfx'+^^z''] , (4.1) 



®This also means that en corresponds to the dual lattice A*(G). This is a weight lattice of a magnetic 

(or Langlands) dual group and en is its weight vector. 

''For a general SU(N) group, the dual relation is given by SU{Ny = SU{N)/Zn- 
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where F, e, J3 and h are the fermion number, the energy (or equivalently the conformal 
dimension), the projection of spin and the charge of a flavor symmetry, respectively. This 
quantity is a powerful tool for distinguishing theories with a same moduli space. 

On the ABJ(M) side, we consider the index with the fixed topological charge T. If 
there exists an isomorphism as the conjectures (1.1)-(1.4), the index of the SU{N) x SU{N) 
theory must have contribution from charges of certain symmetry corresponding to U{1)t 
symmetry. As noted in [23], we can write the BLG theory of the product gauge group 
formulation [7] in = 2 superspace. Of the original S0{8)r R-symmetry this formulation 
manifestly remains only the subgroup SU{4) xU{l)ji. Because this is not related to 

the baryonic symmetry, this has nothing to do with the U{1)t symmetry in the ABJ(M) 
theory. Thus the topological charge T of the ABJ(M) theory should correspond to the 
charge of a U{1) subgroup of the S'f7(4) 5*0(6) as discussed in [17]. We denote this U (1) 
subgroup as U{l)t- On the BLG side, we treat this U{l)t as the flavor symmetry whose 
charge assignments are +1(— 1) to the (anti-)bi-fundamental. Therefore we introduce the 
variable z to distinguish the U{l)t symmetry of the SU{N) x SU{N) theory and compare 
the index with the one of the ABJ(M) theory. 

4.1 U{Ni)k X U{N2)-k ABJ theory 

By applying the localization method [15, 16], the (whole) superconfomal index of the 
U{Ni)k X U{N2)-k ABJ theory with z = l can be represented as 

^AB.(x) = E ^ £ exp \t e-^)] , (4.2, 

{n),{n\ p—l 

where rii and Ua are the GNO charges, A and A are constant holonomy zero modes and 

/tot ~ /vec "I" /hyper) 



/vec(x,e*\e*^) = -^(e*(^-^.)xl"-"^l) 




gi(Aa-Ab)^traa-"6 



a/2 



/hyper(a;,e*\e^^) = 2^1 ^—x\''-^b\e'^^^-^''^ + ^—x\''^-^^\e-'^^^-^''^ j , 
So = ik'^ UiXi -ik'^ naK, 

i a 

eo = X] 1"^ ~ - ^^\ni - nj\ - \ha - hb\. (4.3) 

i,b i,j a,b 



The factor "(sym)" denotes the rank of Weyl group for unbroken gauge group. By using 
the formula 

oo ^ 

-e'P^zP = -log(l -ze*^). 



oo 

El 



the contribution from the vector multiplet is rewritten as 
exp -/vec(xf,e^f^,e^^'^)] = H " x\"i\ e'^^^'^^'^^ 11 ~ a;|fi<x-n,|gi(A.-A,) j _ 



V - 
p=l ij^j a^b 
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The contribution from the hyper multiplet is a bit more comphcated. By using 



T) 



1 yP 



pl + xP 



oo oo 

log - j/x^'^e^^) + log (l - yx^^^+^e^^) 



TO=0 



m=0 



we obtain 



oo -. 

exp[^-^yper(x^e*P^e*^'^) 



n 
n 



™ — n J- 



.m=0 



X _ 2.2m+3/2+|ni— ni,|gi(Ai-A6) -|^ _ rj.2m+3/2+\ni-ni,\^-i{\i-\i,) 
2.2m+l/2+|ni— nj,|gi(Ai-A6) ]^ _ 2.2m+l/2+|ni— nj,|g-i(Ai-A(,) 



^2;3/2+|ni-nj,lgi(Ai-Aj,). ^2^^ |-^3/2+|ni-n6| g-i(Ai-Ai,) . ^2^^ 



^3,l/2+|ni-n6|gi(Ai-A6). 2;2^^ ^3,l/2+|ni-ni,|g-i(Ai-Ai,). 3,2') 



i,b 



where (o; g)oo = nm=o(-'- ~ clQ^) is the q-Pochhammer symbol and 



-^hyperC^^! J/) 



(a.3/2+|n|y. ^2)^ (^3/2+|n|y-l. ^2)^ 



(xV2+|n|y; ^2)^ (^l/2+|n|y-l . ^2)^ 

Thus, the superconfomal index becomes the following simple form 



'0 r d^^X d^'^X 



{n},{h} 
X 



(sym) (27r)^i {27r)^^ 



X n^hyper (a:, Ui - fl^, e^^^^"^")) . 
Next we perform a change of variables as 

IJ-i = \ — ^Ni = 1, • • • 5-^1 — 1)5 IJ'Ni = AaTi , f a = Aa — AjVj • 

Then we can easily integrate over /xtvi and obtain 



E 



X 



(sym)y (27r)^i-i (27r)^2 



i,b a \ b i 



ni,e 



(4.10) 



where 



Afi-l 

S'q = ik ^ UiHi - ■iA; ^ haUa 



i=l 



i,6 



a<6 



E 



rib 



(4.11) 



i 6 

Furthermore, we perform a change of the variables as 

where each of them run over the unit circle in the complex plane. Then we obtain 



(4.12) 



ni,--- ,njv-, _i,ni,--- ,njv. 



i 

^ Yi^hyper {x, Tli - fib, ViW^^) JJXhyper I X, ^ " " ^ ) 
i,6 a V 6 i J 

Thus we can write the index with the fixed topological charge T as 



(4.13) 



E 



X 



^"^"''^ (sym) 

/ (27ri)^i-i(27ri)^2iil^^ yl ) 

J] (l - 



X JJ (l-xl"^l— 



X 



W 2:hyper (x, - fib, ViW^ ^) Xhypcr X, ^ "6 " "a - ^ 
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(4.14) 

The integration can be performed by expanding the integrand as power series of yi,Wa and 
picking up the poles at the origin. 

4.2 SU{N)k X SU{N)_k theory 

Let us consider the SU{N)k x SU{N)^k theory or the {SU{N)k x SU{N)_k)/^N theory 
including the BLG theory. The difference of global structure of the gauge group only affects 
the value of the GNO charges. As we mentioned above, we treat the U{l)t symmetry as 
the flavor symmetry which assigns the flavor charges +1 and —1 to the bi- fundamental 
and anti-bi-fundamental multiplets, respectively. Then, the superconformal index of the 
SU{N)k X SU{N)_k theory is given by 



^BLG(a;, 2;) 



Yl "^Eini.o^Eini.u^syin) y (27r)^(27r)^ 

{n},{n} 



3^0 



J_ J_ -^hyper (^X, 



i{Xi-Xj) 



) 



{«},{«} 



X 



N-l ■ 



(sym)y (27r)^-i (27r)^-i 



-^hyper , 77. j 71 j , ZC 



^^^^__^'^E,n„o5E,n.o^^ (27rz)^-i (27rz)^-i 11^^^"' 
X J][(l - (l - x\^*-^MwJ^) 

X JJXhyper (x, Ui - fij,ZyiWj^ 



1-rJV-l -1 nN-1 -1 



(4.15) 



Similarly to the AB J case, the integration can be also performed by expanding the integrand 
as power series of yi,Wi and picking up the poles at the origin. 



5. Test of the conjectured isomorphisms 

In this section, we present our result of the superconformal indices for the U{N) x U{N) 
ABJM theory and the {SU{N) x SU{N))/Zn theory including the BLG theory. By using 
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our formula (4.14) and (4.15), we compute the indices and test the conjectured isomor- 
phisms (1.3) for = 2 and N = 3. 

5.1 = 2 

Here we consider the U{2)k x U{2)_k ABJM theory and the quotient of the {SU{2)k x 
S'?7(2)_fe)/Z2 BLG theory. As we mentioned in Section 2, we must take k to be odd in 
order to match the moduh spaces of the both theories. We compute the superconformal 
indices up to the fifth orders in x. 



GNO charges 


Index contribution 


T = 


1 + 4.T + 12.t2 + 24.T''^ + 44.T'* 


|0,0)|0,0) 


1 + 4x + 12x2 + 8x-^ + 12x'^ 




16x=^ + 32x^ 


T = 1 


4,i-2 + 20.r2 + 22.r2 


|1,0)|1,0) 


4x^ + 20x5 + 22x5 


T = 2 


17x3 + 48x^ 




lOx^ + 16x^ 


|2,0)|2,0) 


7x^ + 32x^ 



Table 1: The superconformal index of the U{2)3 x ?7(2)_3 
ABJM theory up to 0{x^). A symbol |ni, 77,2 '^-2 ) denotes 
the contribution from the GNO charges (ni, n2, ni, n2)- T 
represents the topological charge. 

Let us compare the ABJM index in an individual topological charge T with the BLG 
index in a particular monomial of z. First, we consider the case for A; = 3. In Table 1, we 
show the contributions from each GNO charge to the index in the C/(2)3 x ?7(2)_3 ABJM 
theory. To summarize the result, the ABJM indices with the fixed topological charge T 
are given by'' 

4BJM,k=3(^) = 1 + 4x + 12x2 + 24x3 + 44x^ 
4BlM,k=3(^) = + 20^^ + 22x5, 

^ABlS,k=3(^) = 17x'+A8x\ (5.1) 

up to 0{x^). The result of the {SU{2)3 x SU{2)^s)/Z2 BLG theory is shown in Table 
2. Note that we have to sum over all relevant GNO charges on the BLG side in order to 
obtain all the contributions to the fixed charge U{l)t- The BLG index is summarized as 

-fBLG,k=3(a;, 2;) = 1 + 4x + 12x2 + 24x3 + 44x^ 

+ z(6x5 + 22x5 + 12x5) + 2;"^(6x5 + 22x5 + 12x5) 

'^Here we explicitly show the results only for non-negative T since ^iBjM(*) ~ ^abjm(^)- 
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GNO charges 


Index contribution 


|0,0)|0,0) 


1 + 4x + 12^2 + + 12x^ 

+z2(3a; + Sx^ + 12x^ + "^x^) + z^^^s^. + 83.2 _^ y^^^ _^ 3^4^ 
+^"^(6x2 + 12x3 + 12x^) + ^-"^(6x2 + 12x3 + 12x4) 
+z6(10x3 + IGx-^) + z-6(10x3 + 16x4) + ISz^x^ + IS^-^x^ 


|l/2, -1/2)11/2,-1/2) 

1/' / III' 1 1 


z(6xi + 22xi + 12x5) + z-i(6xi + 22xi + 12x^) 
+^3(4x5 + 20x5 + 22x5) + 2;"3(4x5 + 20x5 + 22x5) 
+z^(10xt + 28x5) + z-5(10xt + 28x5) + 18z^x5 + 18z-'^x^ 




16x3 + 32x4 

+^2(15x3 + 32x4) + ^-2(15x3 + 32x4) 
+z4(l2x3 + 32x4) + ^-4(12x3 + 32x4) 
+z*^(7x3 + 32x4) _^ ^-6(73,3 _^ 32^4) ^ 162*^x4 + 16z-'^x4 



Table 2: The superconformal index of the (SU (2)3 x 
SU{2)-3)/Z2 BLG theory up to ^(x^). If we take the ad- 
ditional Z3 quotient, only the terms whose powers of z is 
multiples of 3 remain. 



+ z^{3x + 8x2 ^ 27^3 + 40x4) + z"2(3x + Sx^ + 27x3 + 40x4) 
+ ^3(4x1 + 20x5 + 22x5) + z"3(4x5 + 20x5 + 22x5) 
+ ^4(6x2 + 24x3 + 44x4) + z-4(6x2 + 24x3 + 44x4) 
+ 2^(10x5 + 28x5) + z"5(10x5 + 28x5) 
+ /(17x3 + 48x4) + z-^(17x3 + 48x4) 

+ 18/x5 + 18z-'^x5 + 3l/x4 + 31z-®x4, (5.2) 

up to 0{x^). After taking the additional Z3 quotient, several terms are projected out. The 
remaining terms have only specific powers of z which is multiples of 3. Thus, we obtain 
the index of the Z3 quotient of the (S'?7(2)3 x S'?7(2)_3)/Z2 BLG theory as 

4l^JlT\x, z) = 1 + 4x + 12x2 + 24x3 + 44x4 

+ ^;3(4a;l + 20x5 + 22x5) + ^;~3(4a;l + 20x5 + 22x5) 

+ z^(17x3 + 48x4) + ^-6(173.3 ^ 48^4-) _ (5 3) 

Comparing this with the ABJM indices (5.1), the BLG index can be written as 

jZ3 quotient. . _ j{T=0) . . {T=l) . . 3 , j{T=-l) , . 3 
-'BLG,k=3 v-^' ~ -'ABJM,k=3V'^'' ^ -'AB,JM,k=3V-^''^ -'ABJM,k=3V-^^^ 

+-^ABJM,k=3(^)^^ + -^ABJM,k=3(^)^ ^- (^•^) 
Thus, we find that the proposal (1.1) of [10] is correct for /c = 3 at least up to 0{x^). 

We also show the results for other values of k in Appendix B.l and B.2. From Tables 
4, 6, 7 and 9, we can easily find 

^BLGr=r*(^' z) = 1 + 4x + 12x2 + 32x3 + (6x5 + 28x5 )z^ + (6x5 + 28x5 )z-^ 
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- I^^=°) (x) + 1^^=^^ (x)z^ + /(^=-i) fxU-^ 
~ -'ABJM,k=5V'^/ ^ -'ABJM,k=5V'''/'* ^ ^ABJM,k=5V'^^^ 

^BLG,"k=7"*(^' z) = 1 + 4x + 12x2 + 8x3 + i2x^ + 8xiz^ + Sx^^"^ 

_ j{T=0) , s j{T=l) / \ 7 I t{T=-1) / \ -7 /r r\ 

~ -'ABJM,k=7V^/ -'ABJM,k=7'^^^^ ABJM,k=7'^^^^ ' V^-"^' 

up to 0{x^). Again we can see again that the precise matching is revealed after we impose 
the additional identification and topological charge T of the ABJM theory has the one- 
to-one correspondence with the U{l)t charge of the BLG theory. By contrast, there are no 
matching for A; = 6 from Tables 5 and 8. These are consistent with the conjecture (1.1). 

5.2 = 3 

As we have seen in Section 2, the U{?>)k x U{3)^k ABJM theory^ would also be isomorphic 
to the Zfc quotient of the {SU{3)k x SU{3)-k)/'^3 theory. Since the expected isomorphism 
(1.3) can hold iff N and k are coprime, k must not be multiples of 3 in this case. 

First let us consider the case for k = 1. From Table 18 in Appendix B.4, we find the 
index of the (5C/(3)i x 5C/(3)_i)/Z3 theory as 

Isu{3),k=i{x, z) = 1 + 8x + 71x2 + 320x3 + (2x^/2 ^ 24x^/2 + 156x^/2)^ 

+(6x + 56x2 ^ 293x^)^2 + (14x^/2 + lUx^/^)z^ (5.6) 

up to O(x^). Since the additional 1'k=i identification for this case is trivial, we can easily 
see from Table 13 in Appendix B.3 that 

jZi quotient/ n _ r(T=0) / n t{T=1) ( \ I j_ AT=-1) / \ -1 , r(T=2) / x 2 
SU(3),k=l \^'^) ~ ^AB,IM,k=lV^i + -'ABJM,k=lV^/^ -'ABJM,k=n-^/'^ -'ABJM,k=l l^i^ 

+^AB,JM'i=l(^)^ ^ + -^ABJM,k=l(^)^^ + ^ABJM,k=l(^)^ ^- i^'^) 

The results for other values are also presented in Appendix B.4 and B.3. Prom Tables 14, 
16, 17, 19, 21 and 22, we also find 

-^51^(3)5=2* z) = l + 4x + 21x2 + 92x3 + (3x + 16x2 + 87x3)^2 + (3x + 16x2 + 87x3)^-2 
+(11x2 + 60x3)^4 + (11x2 + 60x3)z-^ 
-7^^=°^ (x) + I^'^=^^ fxlz2 + /(^=-i) (x)z-^ 

~ -'ABJM,k=2^-^/ ^ -'ABJM,k=2V-^/'^ ^ -'ABJM,k=2V-^/'^ 
"r-'ABJM,k=2V^J^ "r -'ABJM,k=2V^J'^ 

^s^(3)Sf z) = l + ix + 12x2 + 32x3 + (5x2 ^ 24x3)/ + (5x2 ^ 24x3)z-^ 



_ AT=0) I . AT=1) ( \ i , AT=-l) r . -4 
~ -'ABJM,k=4V^J + ^ABJM.k=4l^/^ + ^ABJM,k=4'v^J^ 

^5^SS=5*^^' ^) = 1 + + 12x2 ^ 32^.3 ^ g^5/2^5 ^ 6a;5/2^-5 

= -^ABJM,k=5(^) + -^ABJM,k=5(^)^^ + -^ABJM,k=5(^)^ ^ C^-^) 

up to O(x^). Therefore, we find that the isomorphism (1.3) for AT = 3 is also correct for 
various values of A; at least up to O(x^) while there are no matching for = 3 from Tables 
15 and 20. This is consistent with the conjecture (1.3). 

®The indices of the U{'i)k x Z7(3)_a: ABJM theory for k = 1,2 have been also calculated in [24]. See also 
[25]. 
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6. Search for a possibility of extended isomorphism with higher k 

In this section, let us consider whether an extension of the isomorphisms (1.2) and (1.4) 
to higher k is possible or not. We compute the superconformal indices of theories with an 
identical moduli space and compare the results of these theories. 

6.1 U{2 + l)k X U{2)_k ABJ theory v.s. (^[7(2)^2 x 5i7(2)_fe2)/Z2 BLG theory 

If two theories are isomorphic, these theories should have a same moduli space. Since 
the moduli space of the {SU{2)i^2 x SU{2)_i^2)/Z2 BLG theory is same as the one of the 

U{2 + l)k X U{2)_k ABJ theory (0 < ^ < |A;|), these pairs would be candidates for the 
extension of the isomorphism (1.4) with higher k. Actually if we take k = 2 and Z = 1, this 
is nothing but the pair of (1.4). 

First, let us consider the case for /c = 3. Then, the {SU (2)9 x SU (2)_9)/Z2 BLG theory 
has the same moduh space with the U{2)^ x ?7(2)_3, L'"(3)3 x L'"(2)_3, L'"(4)3 x f7(2)_3 and 
?7(5)3 X i7(2)_3 ABJ theories. Since it is widely believed that U{A)z x i7(2)_3 and C/(5)3 x 
J7(2)_3 ABJ theories are equivalent to the U{2)^ x ?7(2)_3 and ^7(8)3 x ?7(2)_3 theories 
via parity duality [2], we can concentrate only on the f7(2)3 x U{2)_^ and f/(3)3 x U{2)_^ 
theories. From Table 11, we can pick up the result of the {SU{2)g x SU{2)-g)/Z2 BLG 
theory as 

lBLG,k=9ix, z) = 1 + 4:X + 12x^ + + 12^"^ + (3x + 8x^ + 12x^ + 8x'^)z^ 
+ (3x + Sx^ + 12x''^ + 8x^)2"^ + (6x2 _^ ^2x^ _^ I2x^)z'^ 
+{Qx^ + 12x2 + I2x'^)z-'^, (6.1) 

up to 0{x^). On the other hand, the results of the U{2)z x U{2)-2, and U{'i)z x U{2)-2, 
ABJ(M) theories from Tables 1 and 24 are 

= 1 + 4x + 12x2 + 24x2 + 44x'', 

= 4x5 + 20x3 + 22x^, 

= 17x2 + 48x^, (6.2) 

= 1 + 4x + 12x2 + 28x2 + 37x'', 
= 4xi +20xi +26xi, 

= 17x2 + 48x''. (6.3) 

We can easily see that the result of the BLG theory does not match with the calcula- 
tions of the C/(2)3 X C/(2)_3 and the C/(3)3 x C/(2)_3 ABJ theories. In particular, there are 
several terms whose powers of z does not corresponds to integer T in the ABJ theories. 
Therefore, although the (5^7(2)9 x 5C/(2)_9)/Z2 BLG theory has the same moduh space 
with the [7(2 + /)3 x [/(2)_3 ABJ theory, there are no isomorphisms among these theories. 

Next, let us consider a case for /c = 4. Then, the {SU{2)iq x SU{2)_iq) 11.2 BLG 
theory has the same moduli space with the U{2 + l)^ x J7(2)_4 (/ = 0, 1,-- - ,4) ABJ 



^U{2)xU{2),k=3 
j(T=\) 

^U{2)xU(2),k=3 



(x) 
(x) 



r(r=2) 
'(7(2)x!7(2) 



r(T=0) 



!7(3)x[/(2),fe=3(^) 

(x) 



1/(3) X [7(2) 
j(r=l) 



t{T=2) 
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theories. Similar to the fc = 3 case, we can concentrate on the indices for / = 0, 1, 2. Table 
12 shows the result of the {SU{2)iq x SU {2)-iq)/7j2 BLG theory. Again we can easily see 
that the results do not agree with each other. 

i"BLG,k=i6(a;, z) = l + ix + Vlx^ + 8x^ + 12a;*^ + Xhx^z^ + V^x^z'^ + (l6x^ + lOx^) 

+(16x'^ + 10x^)z~^ + (I2a;*^ + 12x^ + <qx^) z^ + (12a;^ + 12x^ + ex^)^-^ 
+ (8x^ + 12x^ + Sx^ + 3x) + (8x^ + 12x2 + Sx^ + 3x)z-^ (6.4) 

up to O(x^). Prom Tables 3, 25 and 26, we pick up the results of the ABJ theories as 



(T=0) 

U{2)xU{2),k=A 



(x 



(T=l) 
(7(2) X (7(2) 



j{T=2) 
'!7(2)x!7(2) 



'!7(3)xJ7(2),fe=4 

'C/(3)xC/(2),fc=4 
JT=2) 

'!7(3)xC/(2),fc=4 



(T=0) 

?7(4)xC/{2),A:=4 
t{T=1) 

'[/(4)x[/(2),A;=4 



1 + 4x + 12x2 _^ g^3 _^ 37^4^ 
5x2 +24x2 + 23x'^, 
17x2 + 48x''. 



= 1 + 4x + 12x2 + 12x2 + 30x'', 
= 5x2 ^ 24x2 + 28x'', 

= 24x^ 

= 1 + 4x + 12x2 + 12x2 + 31x'', 



5x2 ^ 24x2 + 28x'^. 



(6.5) 



(6.6) 



(6.7) 



Thus, we conclude that extension of the isomorphism (1.4) to higher k seems to be impos- 
sible. 

6.2 U{2 + l)k X [/(2)_jfc (0 < Z < |A;|) ABJ theory v.s. SU{2)k2/2 x SU{2)_,,2/2 BLG 
theory 

Similarly we can find the pairs with same moduli spaces: the SU{2)f,2/2 x S'C/(2)_j.2/2 
BLG theory and the [7(2 + l)k x U{2)^k (0 < / < |fc|) ABJ theories. Actually if we 
set k = 4 and / = 0, this becomes the pair of (1.2). First, let us consider the case for 
k = 4. Then the SU{2)s x SU{2)-s BLG theory has a same moduli space with the 
U{2 + 1)4 X C/(2)_4 (/ = 0, 1, 2, 3, 4) ABJ theories. In this case, we can restrict to the cases 
for Z = 0, 1,2 as before. Table 10 shows the result of the SU(2)s x S'C/(2)_8 BLG theory, 
which is given by 



BLG,k=8 



(x,z) 



1 + 4x + 12x^ 



8x' 

„3 



3 



12x^ 



+ (3x + 8x2 ^23.3 _^ 8x'^)z2 + (3a; 

„4\^4 



+(6x2 _^ -^2x2 + 12x'')z* + (6x2 _^ -^2x2 + 12x'^)z 



12x2 ^ 8^4^^-2 
4\„-4 



(6.8) 



Comparing this with (6.5), (25) and (26), we can easily see again that the results do not 
match with each other. Thus, we conclude that extension of the isomorphism (1.2) to 
higher k might be impossible. 
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7. Conclusions 



In this paper we calculated the superconformal indices of the U{Ni)k x U{N2)-k ABJ(M) 
theories and {SU{N)k x SU{N)^k)/'^N theories including the BLG theories for various 
values of the rank and the Chcrn-Simons level. We utilize the indices to test the conjectured 
isomorphism between several M2-brane theories beyond the classical moduli space analysis. 
Actually we have been confirmed the isomorphism between 



U{2)k X U{2)_k ABJM and quotient of iSU{2)k x SU{2)^k)/^2 BLG theory 



for the cases without the = 8 SUSY enhancement. Since the {SU{2) x SU{2))/Z2 theory 
can be expressed by the A4 BLG theory, this verification enables us to understand the sig- 
nificance of the A4 BLG theory with the higher Chern-Simons level k > 2. By comparing 
the indices with the fixed topological charge of the ABJM theory with the contributions 
from the corresponding charge of the BLG theory, we have been obtained the clear under- 
standing for the correspondence. We have also tested the conjectured equivalence between 



U{3)k X U{3)-k ABJM and quotient of {SU{3)k x S'C/(3)_fe)/Z3 BLG theory 



and it turns out that the isomorphism holds for various values of k at least up to 0{x^). 
Moreover we investigated a possibility of extensions of isomorphisms (i) ^7(2)2 x f/(2)_2 
ABJM and SU{2)2 x SU{2)_2 BLG theory and (ii) U{3)2 x C/(2)_2 ABJ theory and 
{SU{2)4 X S'C/(2)_4)/Z2 BLG theory to higher k. Comparing the indices of theories with 
an identical moduli space, we have found that such extensions might be impossible. 

Important subject related to our work is concerned with the — 3A^/8iV^ discrepancy in 
the AdSi/CFT^ correspondence. In [26], apart from the worldsheet instanton contributions 
and the constant map contributions, the all genus free energy of the ABJM matrix model 
was resummed to the Airy function which depends on the "renormalized" t'Hooft coupling 

given by 

Aren = A-l-A_. (7.1) 

This shift was originally observed in [27] by simplifying the expression of the all genus 
free energy. Note that this renormalization is consistent with the Fermi gas approach 
[28], numerical calculation [29] and exact calculation for A; = 1 [30, 31]. However, this 
renormalization of the t'Hooft coupling is slightly different from the expectation from the 
gravity side [32]: 

This shift comes from the higher curvature correction C3 A /§ in M-theory. Here /g is a 
8-form anomaly polynomial [33]. Although (7.1) and (7.2) agree in the large N limit, there 
is a discrepancy — 3A^/8A^^ at the non-planar level. From the aspect of testing AdS^/CFT^ 
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duality in quantum level, we should definitely obtain more understanding on both the gauge 
theory side and the gravity side. As discussed in [26], a possible resolution on the matrix 
model side is to consider the effect of U{1) factors in the gauge group U (N) x U{N) which 
provide finite N correction. Although the current status of this problem is unclear, it is 
worth revisiting the U{1) factors in ABJM theory in greater detail. 

Recently there have been some arguments about applying the Lie 3-algebra to the 
M5-branes [34] (see also [35, 36]). Although the significance of the Lie 3-algebra in 6d 
Af = (2, 0) theory is not so clear, it is valuable to keep in mind the role of the U (1) factors. 
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A. partition function of SU{2)k x SU{2)^k ABJM theory 

Here we provide a further evidence for the conjecture (1.2) by calculating the partition 
function of SU{2)k x SU{2)_k ABJM theory on S^. The partition function of U{2)k x 
[/"(2)_jfc ABJM theory has been exactly calculated in [37]. 

In [38], the localization technique was applied to the ABJM theory on and its 
partition function was shown to be reduced to a matrix integral 



Z{N, k) 



(27r)^ (2^)^ 
n,<,;(2smJ 



2 siuh 



2cosh^ 



exp 



ik 
47r 



N 



i=l 



,(A.l) 



which is commonly referred to as the ABJM matrix model. Here we consider the constraints 

fii + H2 = 0, 1^1 + 1^2 = 0, (A.2) 

for picking up the SU{2)k x SU{2)-k factor from the U{2)k x U{2)^k ABJM matrix model. 
Then the partition function of the SU{2)k x SU{2)-.k theory is given by 



ZsU{2)kXSU{2)_k 



1 

32 



dfi dv 
2^2^ 



d^fi, d^v 
(27r)2 (27r)2 

1 



n 



exp 




[27r(5(^i + ^2)] [2Ti6{yi + V2)] 




bcoshC^'-''^)] 


[2 cosh ('^^-^'^w)] 





1 



Cosh^ (M^) cOSh2 (^) COSh2 [l^) 

After taking a change of variables 



exp 



ik 
2^ 



A 



(A.3) 



(A.4) 
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we finally obtain 



'SU(2)kXSU{2)_k 



32 / 2^ 2^ 



1 



1 



Mk 64 J 

I 



dX 



cosh^ A cosh^ A cosh^ A' 
2A 

cosh^ ttA sinh vrfcA 







exp 






TT 



k_ 
32 

k 



A 



tanh ttA 



Particularly for = 2, we find 

■^[7(2)2 x!7(2)_2 = ^SU{2)2XSU{2). 



(A.5) 



(A.6) 



This is consistent with the expected isomorphism between the U(2)2 x [/(2)_2 ABJM theory 
and SU{2)2 x SU{2)_2 BLG theory. 

B. Full result 

Here we show our results for the superconformal indices of various M2-brane theories. 
B.l U{2) X U{2) ABJM theory 



GNO charges 


Index contribution 


T = 


1 + 4x + 12x^ + 8x-^ + 37x'^ 


|0,0)|0,0) 


1 + 4x + 12x2 + 8x^ + 12x^ 




2bx^ 


T = 1 


5;r- + 2-i.r'' + 23.r' 


|1,0)|1,0) 


24x3 _^ 23x^ 


T = 2 


17x3 + 48x'' 


|1,1>|1,1> 


10,t3 + 16x'' 


|2,0)|2,0) 


7x3 _^ 32,j.4 


total 


1 + 4x + 8xi + 12x2 + 40x^ + 58x3 _^ 44^^ _^ 140x^ 



Table 3: C/(2)4 x C/(2)_4. 



GNO charges 


Index contribution 


r = 


1 + 4x + 12x2 + 8x3 _^ -Y2x'^ 


|0,0)|0,0) 


1 + 4x + 12x2 + 8x3 _^ i2x^ 


T = 1 


h V 

6x2 + 28x2 


|1,0)|1,0) 


1) V 

6x2 + 28x2 



Table 4: C/(2)5 x C/(2)_5. 
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GNO charges 


Index contribution 


T = 


1+ l.r + 12,r2 + 8;rVl2,ri 


|0,0)|0,0) 


1 + 4x + 12^2 + 8x^ + Ylx^ 


T = 1 


7x^ + 32a;^ 


|1,0)|1,0) 


7x2 _^ 32^4 


Table 5: U{2)g x C/(2)_6. 


GNO charges 


Index contribution 


r = 


1 + 4x + 12x2 + Sx^ + 12x'' 


|OJJ)|(J.O) 


l + -l.r + 12,r2 + 8.rVl2.ri 


r = 1 


V 

8x2 


|1,0)|1,0) 


Y 

8x2 



Table 6: U{2)^ x C/(2)_7. 



B.2 {SU{2) X SC/(2))/Z2 BLG theory 



GNO charges 


Index contribution 


|0,0)|0,0) 


1 + 4x + 12x2 + Sx^ + 12x'^+ 

z2(3x + 8x2 i2x'^ + Sx"^) + z-2(3x + 8x2 _^ i2x^ + 8x^)+ 
2^(6x2 + 12x3 + 12x'') + 2-^(6x2 + 12x3 + 12x'')+ 
2^(10x3 + IGx'') + z-^{lQx^ + IGx'') + 15z^x^ + ISz^^x^ 


|l/2,-l/2)|l/2,-l/2) 


2;(12x5 + 34x5) + 2-^(12x5 + 34x5)+ 

^^(lOxt + 32xi) + z-3(i0xt + 32xi)+ 

2;^(6xt + 28x5) + z"^(6x5 + 28x5) + lAz'^x'^ + lAz~'^x^ 



Table 7: {SU{2)5 x 5J7(2)_5)/Z2 



GNO charges 


Index contribution 


|0)|0) 


1 + 4x + 12x2 + 8x3 _^ I2x'^+ 

z2(3x + 8x2 ^ 12x3 + 8x^) + z-2(3x + 8x2 ^ ;l2x3 + 8x^)+ 
^^(6x2 + 12x3 + 12x'') + ^-''(6x2 + 12x3 + 12x'')+ 

z^(10x3 + 16x^) + z-*'(10x3 + 16x^) + ISz^'x^ + IS^^^x^ 


|l/2)|l/2) 


16x3 + 41x'^ + ^2(15x3 + 40x'^) + z-^{15x^ + 40x^) 

z'^(12x3 + 37x^) + ^-"^(12x3 + 37x^)+ 

z^(7x3 + 32x^) + z-''(7x3 + 32x^1) + IGz^x'^ + IGz^^x^ 



Table 8: iSU{2)e x SU{2)_q)/Z2 
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GNO charges 


Index contribution 


|0)|0) 


l + 4x + 12x2 + 8x^ + 12x^+ 

z2(3x + 8.t2 + 12x3 _^ g^4) _^ z-2(3x + Sx^ + 12x3 + 8x^)+ 
z'^{6x'^ + 12x3 i2x^) + z-4(6x2 + 12x3 _^ i2x4)+ 
^6(10x3 + IGx"^) + z-6(10x3 + IGx"^) + ISz^'x^ + ISz'^x^ 


|l/2)|l/2) 


202;x5 + 20z"^x5 + ISz^x^ + 18z'^xi + 
lAz^xi + 14z~^xi + Sz'^x^ + 8z~'^x^ 



Table 9: {SU{2)7 x SU{2)_7)/Z2 



GXC) chargc-s 


Index c(nilriV)iilit)n 


|0)|0) 


1 + 4x + 12x2 + 8x3 i2x^ 

+(3x + 8x2 _^ ;^2x3 + 8x^)^2 + (3x + 8x2 ^ ^^2x3 + 8x^)^-2 
+(6x2 _^ ^2x3 + 12x'')z^ + (6x2 _^ ^2x3 + 12x'^)z-'^ 



Table 10: {SU{2)s x 5t/(2)_8)/Z2 



GNO charges 


Index contribution 


|0>|0) 


1 + 4x + 12x2 + 8x3 ^ i2x'^ 

+(3x + 8x2 ^ 12x3 + 8x^)^2 + (3x + 8x2 _^ ^2x3 + 8x^)^-2 
+(6x2 _^ 12x3 + 12x^)2^ + (6x2 _^ 12x3 + 12x4)2;-4 



Table 11: (5C/(2)9 x 5f/(2)_9)/Z2 



GNO charges 


Index contribution 


|0)|0) 


1 + 4x + 12x2 + 8x3 _^ i2x^ + 15x*z^ + ISx'^z"^ 

+ (I6x'' + 10x3) z^ + (16x'' + 10x3)z-6 

+ (I2x'' + 12x3 + 6x2) ^4 ^ ^i2x'' + 12x3 + 6x2)^-'' 

+ (8x^ + 12x3 + 8x2 ^ ^2 ^ (g^4 ^ 12x3 + 8x2 ^ 3^)^-2 



Table 12: (SC/(2)i6 x SU{2)^iq)/Z2 



B.3 i7(3) X i7(3) ABJM theory 



GNO charges 


Index contribution 


r = o 


1 + 8x + 71x2 _^ 320a;3 


10,0,0)10,0,0) 


1 + 4x + 12x2 + 32x3 


|1,0,-1)|1,0,-1) 


4x + 32x2 + 92x3 


|2,0,-2)|2,0,-2) 


9x2 _^ 50^3 


|1, 1,-2)11,1,-2) 


9x2 _^ 3g^3 
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1-1,-1,2)1-1,-1,2) 


9a;2 + 36a;3 


1.2,-3)11.2.-3) 


2lr' 


1-1,-2,3)1-1,-2,3) 


24x^ 


|3, 0,-3)13,0,-3) 


16x3 


T = 1 


2a;V2 + 24x^/2 + 156x^/2 


|1,0,0)|1,0,0) 


2x^/2 + 12x^/2 + 42x^/2 


ll, 1,-1)11,1,-1) 


6x^/2 + 28x^/2 


|2, 0,-1)12,0,-1) 


6x3/2 + 44x^/2 


|2, 1,-2)12,1,-2) 


18x^/2 


|3,0,-2)|3,0,-2) 


12x5/2 


|3,-1,-1)|3,-1,-1) 


12x5/2 


T = 2 


6x + 56x2 _^ ^11^?. 


|2, 0,0)12,0,0) 


3x + 16x2 + 52x3 


|1, 1,0)11,1,0) 


3x + 20x2 + 51x3 


|2, 1,-1)12,1,-1) 


12x2 + 64x3 


|3, 0,-1)13,0,-1) 


8x2 5g^3 


13,1,-2)13,1,-2) 


24x3 


|2,2,-2)|2,2,-2) 


18x3 


|4,0,-2)|4,0,-2) 


15x3 


|4,-1,-1)|4,-1,-1) 


15x3 


T = 3 


14x3/2 + 114x^/2 


|3.0,0)|3.0,0) 


4;r^/2 + 20,r5/2 


|2, 1,0)12,1,0) 


6x3/2 ^ 442;5/2 


|1, 1,1)11,1,1) 


4x3/2 ^ 12x^/2 


13,1,-1)13,1,-1) 


16x^/2 


|2,2,-1)|2,2,-1) 


12x5/2 


|4, 0,-1)14,0,-1) 


10x^/2 



Table 13: C/(3)i x [/(3)_i. 



GNO charges 


Index colli ril")ul km 


T = 


1 + 4x + 21x2 + 92x3 


10,0,0)10,0,0) 


1 + 4x + 12x2 _^ 32^3 


|1,0,-1)|1,0,-1) 


9x2 _^ gQ^3 


T = 1 


3x + 16x2 + 87x3 


|1,0,0)|1,0,0) 


3x + 16x2 + 54x3 


|2,0,-1)|2,0,-1) 


15x3 


|1, 1,-1)11,1,-1) 


18x3 


T = 2 


11x2 _^ gQ^3 


|2,0,0)|2,0,0) 


5x2 ^ 24x3 
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|1, 1,0)11,1,0) 


_^ 35^3 


Table 14: C/(3)2 x [/(3)_2- 


GNO charges 


Index contribution 


T = 


1 + 4.T + 12x2 _^ 4g^3 


10,0,0)10,0,0) 


1 + 4a; + 12x2 + 32x3 


|1,0,-1)|1,0,-1) 


16x3 


T = 1 


4x^/2 + 20x^/2 


|1,0,0)|1,0,0) 


4x3/2 ^ 20x5/2 


T = 2 




|2, 0,0)12,0,0) 


7x3 


|1, 1,0)11,1,0) 


10x3 



Table 15: C/(3)3 x ?7(3)_3. 



GNO charges 


Index contribution 


T = 


1 + 4x + 12x2 + 32x3 


|0,0,0)|0,0,0) 


1 + 4x + 12x2 + 32x3 


T = 1 


o.r- + 2 -l,r3 


|1,0,0)|1,0,0) 


5x2 _^ 24x3 


Table 16: C/(3)4 x [/(3)_4. 


GNO charges 


Index contribution 


T = 


1 + 4x + 12x2 _^ 323,3 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 + 32x3 


T = 1 


6x^/2 


il,0,0)pLO,0) 




Table 17: C/(3)5 x i7(3)_5. 



B.4 {SU{3) X SU{3))/Zs theory 



GNO charges 


Index contribution 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 _^ 32^3 

^3(4x3/2 + 12x^/2) + Z-3(4x3/2 + 12x^/2) 
10^^x3 + 10^-^x3 


111 2 \ 1 1 1 2 \ 
l3'3' 3/l3'3' 3/ 


12^-5x^/2 + z (42x^/2 + 12x3/2 + 2^) 
(36x3 ^ 9^2^ ^ z-2(51x3 + 20x2 + 3x) 
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1 1 1 2 \ 1 1 1 2 \ 
1 3' 3'3/l 3' 3'3/ 


l2z^X^/2 + 2-1(42x5/2 + 12x3/2 + 2^) 

+z~'^(36x^ + 9x2) ^ ^2 (51^3 + 20^2 + 3x) 


|22 4\|22 4\ 
l3'3' 3/l3'3' 3/ 


2^5^5/2 _^ ^-1 (28x5/2 _^ g.^3/2^ _^ z-'^{36x^ + 6x2) ^ ^2 (523^3 _^ ;Lg^2 _^ 3^^ 


1 2 2 4 \ 1 2 2 4 \ 


12^5^5/2 _^ ^ (28x^/2 + 6x^/2) + (36x3 ^ g^2\ ^ 2-2(522;3 + 16x2 + 3x) 


|1, 0,-1)11,0,-1) 


4x + 32x2 + 92x3 

+^3(6x3/2 + 44x^/2) + ^-3(6x3/2 + 44x^/2) + 24:Z^x^ + 242-6x3 


|1, 1,-2)11,1,-2) 


9x2 _^ 3g^3 

+ ^3(4x3/2 + 20x^/2) ^ i2,:-3,,.^/2 + io,:-o,r3 


1-1,-1,2)1-1,-1,2) 


9x2 _^ 3g^^3 

+z3(12x5/2) + 2-3(4x3/2 + 20x^/2) + 10^-^x3 


1 1 4 5 \ 1 1 4 5 \ 
3)3' 3/353) 3/ 


12^-53,5/2 _^ ^ (44x5/2 + ga.3/2) _^ ^4 (5g^3 _^ 8^2^ _^ 2-2(64x3 + 12x2) 


1 1 4 5 \ 1 1 4 5 \ 
1 3' 3'3'l 3' 3'3' 


122^x5/2 + 2-^(44x5/2 + 6x3/2) _^ ^-4(563,3 _^ §^2^ _^ _^2 (643.3 _^ ;l2x2) 


1 2 5 7 \ 1 2 5 7 \ 


1025x5/2 + 182-^x5/2 + 242-^x3 + 22 (56x3 _^ §^2^ 


1 2 5 7 \ 1 2 5 7 \ 


102-5x5/2 + 182x5/2 + 242^x3 + 2-2 (56x3 + 8x2) 


|44 8\|44 8\ 


122x5/2 + 182-2x3 + 2^ (24x3 + 5x2) 


1 4 48\| 4 48\ 


122-^x5/2 + 1822x3 + 2"^ (24x3 + 5x2) 


|5 5 10\|5 5 10 \ 

'O'O' O ' ' O ' O ' O ' 


625x5/2 + 1522x3 


|2,0,-2)|2,0,-2) 


9x2 _^ g03.3 

+ 1623x5/2 + 162-316x5/2 + 152^x3 + 152-^x3 


|l,2,-3)|l,2,-3) 


24x3 + 1023x^/2 + 12^6^3 


1-1,-2,3)1-1,-2,3) 


24x3 + 102-3x5/2 + 122-^x3 


1 1 7 8 \| 1 7 8 \ 
1 3 ' 3 ' 3 / 1 3 ' 3 ' 3 / 


122x5/2 + 202^x3 + 242-2x3 


|2 8 10\|2 8 10 \ 
'^)'^' '^Z'^)'^) 

' O O O ' ' O O O ' 


1522x3 


|4 7 11 \|4 7 11 \ 
1 3 ' 3 ' 3 ' 1 3 ' 3 ' 3 ' 


122^^x3 


|3,0,-3)|3,0,-3) 


16x3 


|4, -2, -2)14,-2,-2) 


72-^x3 


1-4,2,2)1-4,2,2) 


72^x3 


Total 


1 + 8x + 71x2 + 320x3 + (2x^2 + 24x3/2 + 156x5/2)^ 

+ (6X + 56x2 _^ 293x3)^2 + (14x3/2 ^ 114x5/2)^3 



Table 18: {SU{3)i x 5f/(3)_i)/Z3 



GNO charges 


Index contribution 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 + 32x3 + 23(4x3/2 + 12x5/2) 
2-3(4x3/2 + 12x5/2) + 102^3 + 102-^x3 


ill 2 \ 1 1 1 2 \ 
l3' 3' 3 /l3' 3' 3 / 


1225x5/2 + ^-1(30x5/2 + 6x3/2) 

+2-''(36x3 + 6 x2) + 22 (54x3 + 16x2 + 3x) 


1 1 1 2 \ 1 1 1 2 \ 
1 3' 3'3/l 3' 3'3/ 


122-5x5/2 + z (30x5/2 j_ g^3/2^ 

+z'^ (36 x3 + 6x2) ^ ^-2(542,3 j_ iQ^2 j_ 3^) 


1 2 2 4 \ 1 2 2 4 \ 
I3' 3' 3 'I3' 3' 3 / 


122x5/2 _^ 18^-2^3 + z4 (24x3 _^ r^^2^ 


1 2 2 4 \| 2 2 4 \ 
1 3' 3'3/l 3' 3'3/ 


122-^x5/2 + 1822x3 + 2-''(24x3 + 5x2) 
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|1,0,-1)|1,0,-1) 


16^^x5/2 + 16^-^x^/2 + 15^6x3 + 15^-63.3 + QQ^3 + 9^2 




1 r 3 


1 1 4 5 \| 1 4 5 \ 
1 3' 3'3/l 3' 3'3/ 




|l,l,-2)|l,l,-2) 




1-1,-1,2)1-1,-1,2) 


lz~^x^ 


Total 


1 + 4a; + 21x2 + 92x3 + (3x + IGx^ + %7x^)z^ 
+(11x2 + 60x3)z^ 



Table 19: (SC/(3)2 x SU(Z)-2)l'^z 



GNO charges 


Index contribution 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 ^ 323,3 

+z3(4x3/2 + 12x^/2) + Z-3(4x3/2 + 12x^2) 

+10^^x3 + lOz-^x^ 


|1,0,-1)|1,0,-1) 


16x3 


|l/3, 1/3, -2/3)|l/3, 1/3, -2/3) 


9x2 ^ 403-3 ^ ^3(43,3/2 ^ 20x^/2) + z-'^{Ylx^l'^) 

+ 15,:":!:3 + lO^-'^x''' 


1-1/3,-1/3,2/3)1-1/3,-1/3,2/3) 


9x2 _^ 4Q3.3 _^ z^{Vlx^l'^) + ^-3(4x3/2 + 20x^/2) 
+10z^x3 + 15^-^x3 


|4/3, -2/3, -2/3)14/3,-2/3, -2/3) 


1z-^x^ 


1-4/3,2/3,2/3)1 -4/3,2/3,2/3) 


7^6x3 


Total 


1 + 4x + 30x2 _^ ;^28x3 + ^3 (8x3/2 _^ 32a;5/2) _^ 42^^x3 



Table 20: {SU(Z)z x 5i7(3)_3)/Z3 



GNO chargc^s 


Index ct)iit ribul icni 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 + 32x3 

+^3(4x3/2 + 12x^/2) + z-3(4x3/2 + 12x^2) 
+ 10z^x3 + 10z"6x3 


ill 2 \ 1 1 1 2 \ 

I3'3' 3/l3'3' 3/ 


12^X^/2 _^ 18^-23.3 _^ ^4 ^24a;3 + 5a;2) 


1 1 1 2 \ 1 1 1 2 \ 
1 3' 3'3/l 3' 3'3/ 


12z-^x^/2 + 18^23.3 ^ ^-4(24^3 + 5a;2) 


Total 


1 + 4x + 12x2 + 32x3 + (5x2 ^ 24x3)2^ 



Table 21: (SC/(3)4 x 5i7(3)_4)/Z3 



GNO charges 


Index contribution 


|0, 0,0)10,0,0) 


1 + 4x + 12x2 ^ 32^.3 

+^3(4x3/2 + 12x^/2) + 2-3(4x3/2 + 12x^/2^ 
+ 10zS3 _^ 10^-63.3 


111 2 \ 1 1 1 2 \ 
l3' 3' 3 /l3' 3' 3 / 


6z^X^/2 + 15^2x3 
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1 1 1 2 \ 1 1 1 2 \ 

1 3 ' 3 ' 3 / 1 3 ' 3 ' 3 / 




Total 


1 + l.r + 12,r- + 32;r'^ + G.r'^-c'^ 



Table 22: {SU{3)5 x SU{S)^5)/^3 



GNO charges 


Index contribution 


|0, 0,0)10,0,0) 


1 + 4a; + 12.t2 + 32x3 

+^3(4x3/2 + 12x^/2) _^ 2;-3(4a;3/2 _^ 12a;5/2^ 

+10z<5a;3 + 10^-^x3 


|l/3, 1/3, -2/3)11/3,1/3, -2/3) 




1-1/3,-1/3,2/3)1-1/3,-1/3,2/3) 





Table 23: {SU{3)6 x 5C/(3)_6)/Z3 



B.5 i7(3) X U{2) ABJ theory 



GNO charges 


Index contribution 


T = 


1 + 4x + 12x2 + 28x3 + 37x^ 


|0, 0,0)10,0) 


1 + 4x + 12x2 + 12x3 + 5x^ 


|1,0,-1)|1,-1) 


16x3 + 32x'' 


T = 1 


•3 1, Y 

4x 2 + 20x 2 + 26x 2 


|1,0,0)|1,0) 


4x5 + 20xi + 26x^ 


r = 2 


17x3 + 48x'' 


|2,0,0)|2,0) 


7x3 ^ 32a.4 


|i,i,o)|i,i) 


10x3 + 16x^ 


Table 24: C/(3)3 x ?7(2)_3. 


GNO charges 


Index contribution 


T = 


1 + 4x + 12x2 + 12x3 + SOx'' 


|0,0,0)|0,0) 


1 + 4x + 12x2 + 12x3 + 5x^ 


|1,0,-1)|1,-1) 


25x^ 


T = 1 


5x2 _^ 24x3 + 28x'' 


|1,0,0)|1,0) 


5x2 ^ 24x3 + 28x^ 


r = 2 


24x^ 


|2,0,0)|2,0) 


9x'^ 


|i,i,o)|i,i) 


ISx"^ 



Table 25: U{3)i x C/(2)_4. 
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B.6 C/(4) X U{2) ABJ theory 



GNO charges 


Index contribution 


r = 


1 + 4a; + 12x2 + 12^^ + Slx"^ 


|0,0.0,(J)|(J.(J) 


1 + Li: + 12,r- + 12,r-^ + 6.r^ 


|1,0, 0,-1)11,-1) 


25a;^ 


T = 1 


_^ 24x3 + 28x'^ 


|1,0,0,0)|1,0) 


5x2 _^ 24x3 _^ 28x^ 



Table 26: U{4)i x ;7(2)_4. 



References 

[1] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, N=6 superconformal 

Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 0810 (2008) 091, 
[arXiv: 0806. 1218]. 

[2] O. Aharony, O. Bergman, and D. L. Jafferis, Fractional M2-branes, JHEP 0811 (2008) 043, 
[arXiv: 0807. 4924]. 

[3] J. Bagger and N. Lambert, Gauge symmetry and supersymmetry of multiple M2-hranes, 
Phys.Rev. D77 (2008) 065008, [arXiv: 0711. 0955]. 

[4] A. Gustavsson, Algebraic structures on parallel M2-branes, Nucl.Phys. B811 (2009) 66-76, 
[arXiv: 0709. 1260]. 

[5] G. Papadopoulos, M2-branes, 3-Lie Algebras and Plucker relations, JHEP 0805 (2008) 054, 
[arXiv: 0804. 2662]. 

[6] J. P. Gauntlett and J. B. Gutowski, Constraining Maximally Supersymmetric Membrane 
Actions, JHEP 0806 (2008) 053, [arXiv: 0804. 3078]. 

[7] M. Van Raamsdonk, Comments on the Bagger-Lambert theory and multiple M2-branes, 
JHEP 0805 (2008) 105, [arXiv: 0803. 3803]. 

[8] N. Lambert and D. Tong, Membranes on an Orbifold, Phys.Rev. Lett. 101 (2008) 041602, 
[arXiv: 0804. 1114]. 

[9] J. Distler, S. Mukhi, C. Papageorgakis, and M. Van Raamsdonk, M2-branes on M-folds, 
JHEP 0805 (2008) 038, [arXiv: 0804. 1256]. 

[10] N. Lambert and C. Papageorgakis, Relating U(N)xU(N) to SU(N)xSU(N) Chern-Simons 
Membrane theories, JHEP 1004 (2010) 104, [arXiv: 1001 .4779]. 

[11] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, An Index for 4 dimensional super 
conformal theories, Commun.Math.Phys. 275 (2007) 209-254, [hep-th/051025l]. 

[12] C. Romelsberger, Counting chiral primaries in N = 1, d=4 superconformal field theories, 
Nucl.Phys. B747 (2006) 329-353, [hep-th/0510060]. 

[13] J. Bhattacharya, S. Bhattacharyya, S. Minwalla, and S. Raju, Indices for Superconformal 
Field Theories in 3,5 and 6 Dimensions, JHEP 0802 (2008) 064, [arXiv : 0801 . 1435]. 

[14] J. Bhattacharya and S. Minwalla, Superconformal Indices for N = 6 Chern Simons Theories, 
JHEP 0901 (2009) 014, [arXiv:0806.3251]. 



26 



[15] S. Kim, The Cornplete superconformal index for N=6 Chern-Simons theory, Nucl.Phys. B821 
(2009) 241 284, [arXiv: 0903. 4172]. 

[16] Y. Imamura and S. Yokoyama, Index for three dimensional superconformal field theories with 
general R-charge assignments, JHEP 1104 (2011) 007, [arXiv: 1101.0557]. 

[17] D. Bashkirov and A. Kapustin, Dualities between N = 8 superconformal field theories in three 
dimensions, JHEP 1105 (2011) 074, [arXiv: 1103.3548]. 

[18] B. Willett and I. Yaakov, N=2 Dualities and Z Extremization in Three Dimensions, 
arXiv: 1104.0487. 

[19] A. Kapustin, B. Willett, and I. Yaakov, Tests of Seiberg-like Duality in Three Dimensions, 
arXiv: 1012.4021. 

[20] V. Borokhov, A. Kapustin, and X.-k. Wu, Topological disorder operators in three-dimensional 
conformal field theory, JHEP 0211 (2002) 049, [liep-th/0206054]. 

[21] V. Borokhov, A. Kapustin, and X.-k. Wu, Monopole operators and mirror symmetry in 
three-dimensions, JHEP 0212 (2002) 044, [hep-tli/0207074] . 

[22] P. Goddard, J. Nuyts, and D. I. Olive, Gauge Theories and Magnetic Charge, Nucl.Phys. 
B125 (1977) 1. 

[23] M. Bcnna, I. Klcbanov, T. Klosc, and M. Smcdback, Superconformal Chern-Simons Theories 
and AdS(4)/CFT(3) Correspondence, JHEP 0809 (2008) 072, [arXiv : 0806 . 1519]. 

[24] D. Gang, E. Koh, K. Lee, and J. Park, ABCD of 3d Af = 8 and 4 Superconformal Field 
Theories, arXiv: 1108.3647. 

[25] S. Cheon, D. Gang, C. Hwang, S. Nagaoka, and J. Park, Duality between N=5 and N=6 
Chern-Simons matter theory, arXiv: 1208.6085. 

[26] H. Fuji, S. Hirano, and S. Moriyama, Summing Up All Genus Free Energy of ABJM Matrix 
Model, JHEP 1108 (2011) 001, [arXiv: 1106.4631]. 

[27] N. Dnikkcr, M. Marino, and P. Putrov, Nonperturbative aspects of ABJM theory, JHEP 
1111 (2011) 141, [arXiv: 1103.4844]. 

[28] M. Marino and P. Putrov, ABJM theory as a Fermi gas, arXiv: 1110.4066. 

[29] M. Hanada, M. Honda, Y. Honma, J. Nishimura, S. Shiba, et. ai, Numerical studies of the 
ABJM theory for arbitrary N at arbitrary coupling constant, arXiv: 1202.5300. 

[30] Y. Hatsuda, S. Moriyama, and K. Okuyama, Exact Results on the ABJM Fermi Gas, 
arXiv: 1207.4283. 

[31] P. Putrov and M. Yamazaki, Exact ABJM Partition Function from TBA, arXiv: 1207.5066. 

[32] O. Bergman and S. Hirano, Anomalous radius shift: m AdS(4)/CFT(3), JHEP 0907 (2009) 
016, [arXiv: 0902. 1743]. 

[33] M. Duff, J. T. Liu, and R. Minasian, Eleven-dimensional origin of string-string duality: A 
One loop test, Nucl.Phys. B452 (1995) 261-282, [hep-th/9506126]. 

[34] N. Lambert and C. Papageorgakis, Nonabelian (2,0) Tensor Multiplets and 3-algebras, JHEP 
1008 (2010) 083, [arXiv: 1007. 2982]. 

[35] Y. Honma, M. Ogawa, and S. Shiba, Dp-branes, NS5-branes and U-duality from nonabelian 
(2,0) theory with Lie 3-algebra, JHEP 1104 (2011) 117, [arXiv : 1103 . 1327]. 



27 



[36] S. Kawamoto, T. Takimi, and D. Tomino, Branes from a non-Abelian (2,0) tensor multiplet 
with 3-algebra, J.Phys. A44 (2011) 325402, [arXiv: 1103. 1223]. 

[37] K. Okuyama, A Note on the Partition Function of ABJM theory on S^, Prog.Theor.Phys. 
127 (2012) 229-242, [arXiv: 1110.3555]. 

[38] A. Kapustin, B. Willett, and I. Yaakov, Exact Results for Wilson Loops in Superconformal 
Chem-Simons Theories with Matter, JHEP 1003 (2010) 089, [arXiv: 0909. 4559]. 



28 



